ABSTRACT. This paper concerns the description of holomorphic extensions of algebraic number fields. After expanding the notion of adele class group to number fields of infinite degree over Q, a hyperbolized adele class group S K is assigned to every number field K/Q. The projectivization of the Hardy space PH • [K] of graded-holomorphic functions on S K possesses two operations ⊕ and ⊗ giving it the structure of a nonlinear field extension of K. We show that the Galois theory of these nonlinear number fields coincides with their discrete counterparts in that Gal(PH •
INTRODUCTION
Since the introduction of a global understanding of number theory (Gauss, Galois) and geometry (Riemann), the idea that the two subjects exist in parallel duality has exercised a tremendous pull on mathematical thought. The first hint of this conjectural relationship is the equivalence between (coverings of) Riemann surfaces and (extensions of) their fields of meromorphic functions. Inspired by this equivalence, one is tempted to formulate the following meta-principle:
To every algebraic number field K/Q, there exists a "Riemann surface" Σ K for which "Mer(Σ K ) ∼ = K".
If L/K is a Galois extension, then Σ L is a Galois covering of Σ K and
If we were interested in an extension E over the finite field F p n , then this principle is, suitably interpreted, literal: there exists a curve over F p n whose function field is E. This observation was used by Weil to prove the Riemann hypothesis for finite fields [10] .
It is clear, however, that in the case of a number field K, the principle as stated above must be modified, as any reasonable notion of "field of meromorphic functions" must contain the field of constants C, which in turn cannot be a subfield of K. Thus, instead of insisting upon the existence of an isomorphism Mer(Σ K ) ∼ = K, we might instead ask that K "generate" Mer(Σ K ) over C. The additional freedom afforded by the use of C-coefficients motivates a second meta-principle:
If K ab is the maximal abelian extension of K and C K is the idele class group of K, then there is a monomorphism
This second meta-principle -which is true for finite fields upon using rational function fields in place of meromorphic function fields -has an important place in Weil's approach to the classical Riemann hypothesis, as the following oft-quoted passage reveals [11] :
Weil's words have recently inspired some interesting new approaches to the Riemann hypothesis, e.g. that of Connes [3] . In this paper, we shall give a certain expression to these principles through a hyperbolized version of the adele class group of K.
Let us consider first a field K of finite degree d over Q. To K we may associate the adele class group S K = A K /K, the quotient of the adeles by the group (K, +). S K has the structure of a d-dimensional solenoid, d the degree of K/Q, whose leaves are dense and isomorphic to R d . From S K we construct a hyperbolization S K whose leaves are polydisks (H 2 ) d and whose distinguished boundary is S K . See § §2,3 and 6 for more details.
For a number field K /Q of infinite degree, such as the maximal abelian extension K ab , the notion of adele class group has not yet -to our knowledge -been defined. In order to duplicate the desired properties found in the adele class group of a finite field extension, it will be neccessary to consider a pair of adele class groups that work in tandem. Representing K as the direct limit of finite degree extensions K α , the (ordinary) adele class group S K is formed from lim → S K α by completing its canonical leaf-wise euclidean metric, see §4. Since S K is not locally-compact, we consider in §5 a compactification S K called the proto adele class group of K , arising as the inverse limit of trace maps. We use the hilbertian S K to define the hyperbolization S K , and the compact S K to provide Fourier analysis.
The origin of the notion of a nonlinear field comes from an enhanced understanding of the character group Char S K , described in §7. In this case, it turns out that it possesses an additional operation making it a field, and ( 
1)
Char
The same is true for an infinite field extension K if we use the proto adele class group
Let f ∈ L 2 ( S K ; C) = the Hilbert space of square integrable complex-valued functions. By Fourier theory, f has the development ∑ a q φ q where q ∈ K, a q ∈ C and φ q ∈ Char S K , and so the isomorphism (1) defines an inclusion K ֒→ L 2 ( S K ; C). Cauchy (point-wise) multiplication of functions is denoted f ⊕ g since it restricts to + K in K. The operation corresponding to × K is the Dirichlet product f ⊗ g, and through it L 2 ( S K ; C) acquires the structure of a double group algebra. The key point here is that Dirichlet multiplication does not distribute over Cauchy multiplication, or to put it differently, the extension of multiplication in K to L 2 ( S K ; C) no longer defines a Cauchy bilinear operation. This discussion is developed in §8.
An interpetation of L 2 ( S K ; C) as boundary values of holomorphic functions on S K comes by generalizing the Z/2Z-graded approach of conformal field theory. Thus, if we let Θ = {−, +} d be the group of sign d-tuples, then f defines a (2 d + 1)-tuple of functions F = (F θ ; F 0 ) on the hyperbolization S K , where for θ ∈ Θ, F θ is "θ -holomorphic" and Hardy square-integrable, and F 0 = a 0 . The Hilbert space of such graded-holomorphic functions F is denoted
it inherits the operations of ⊕ and ⊗ and is isomorphic to L 2 ( S K ; C) as a Hilbert space double group algebra. Since the vector space structure of H • [K] does not descend to K, it is natural to discard it by projectivizing. The result is an infinite-dimensional complex projective space PH • [K] equipped with a double semigroup structure induced from ⊕ and and ⊗, which satisfies the following properties:
The identity id ⊕ is a universal annihilator for the product ⊗.
We call a topological double semi-group satisfying these properties a nonlinear number field over K. If we let O K denote the ring of integers in K, then the Minkowski torus
, every element may be regarded as a Dirichlet quotient of elements of
The ideas in this paragraph are also described in §8.
An automorphism of the nonlinear number field PH • [K] is defined to be a graded FubiniStudy isometry preserving the operations ⊕ and ⊗. Given K a number field, denote by
The following theorem is our response to the first meta-principle:
Our approach to the second meta-principle involves isolating the operations ⊕ and ⊗. We show that there exist d-parameter flows
where Gal ⊕ , Gal ⊗ denote the groups of relative automorphisms preserving ⊕, ⊗ only.
Using the above theorem with L = K ab leads to the following
Theorem.
There are monomorphisms
These results are proved in §9.
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SOLENOIDS
We review here a notion fundamental to this paper. References: [1] , [4] , [5] , [7] . An n-lamination is a 2 nd countable, Hausdorff space L equipped with a maximal atlas of homeomorphisms {φ α : L ⊃ U α → V α ⊂ R n × T}, where T is a 2 nd countable, Hausdorff space, in which every overlap φ αβ = φ β •φ −1 α is of the form φ αβ (x, t) = (h αβ (x, t), f αβ (t)), where t → h αβ (·, t) is a continuous family of homeomorphisms and f αβ is a homeomorphism. We call L a foliation if T = R k , a solenoid if T is a Cantor set. If h αβ (·, t) is a C k , C or R-analytic family of C k , C or R-analytic etc. homeomorphisms, we qualify with the appropriate adjective e.g. C k -lamination etc.
Let φ be a chart,
A flowbox is a subset of the form φ −1 (D × T ′ ), a flowbox transversal a subset of the form φ −1 (x × T ′ ) and a plaque a subset of the form φ −1 (D × {t}). A leaf is a maximal continuation of overlapping plaques: by definition, an n-manifold. A riemannian metric on a smooth lamination is a family γ = {γ ℓ } of smooth riemannian metrics, one on each leaf ℓ, which when restricted to a flowbox gives a continuous family t → γ t of smooth metrics. If L has the structure of a topological group such that the multiplication and inversion maps take leaves to leaves, L is called a topological group lamination. If in addition L is smooth and the multiplication and inversion maps are smooth along the leaves, L is called a Lie group lamination.
Let B be a manifold, F a 2 nd countable Hausdorff space, ρ :
by the action α · (x,t) = (α ·x, ρ α (t)) is a lamination called the suspension of ρ. The projection L ρ → B displays L ρ as a fiber bundle with fiber F, and the restriction of the projection to any leaf is a covering map. The solenoids considered in this paper are modeled on the following example. Let One can extend the defininition of a lamination to include infinite dimensional leaves modeled on a locally convex topological vector space V . If V is a Hilbert space, we say we have a Hilbert space lamination. If V = R ω with the Tychonoff topology, we call it an R ω -lamination. For Hilbert space laminations, one may use the Fréchet derivative to define smoothness, for R ω -laminations one uses the Gâteaux derivative. We leave it to the reader to assure herself/himself that one may make sense of all of the other notions discussed above in the infinite-dimensional setting.
ADELE CLASS GROUPS I: FINITE FIELD EXTENSIONS
The material here is classical and can be found in standard texts on algebraic number theory: [2] , [6] , [9] . We review it in order to fix notation.
Let K be an algebraic number field of degree d over Q, O K its ring of integers. If K is Galois over Q, Gal(K/Q) will denote the Galois group. By a local field, we mean a locally compact field. A local field of characteristic 0 is either R, C or a finite extension of Q p = the field of p-adic numbers. Let ν : K → K ν be an embedding where K ν is a local field (perforce of characteristic 0) and ν(K) is dense. Embeddings that are related by a continuous isomorphism of target fields different from complex conjugation are deemed equivalent, and an equivalence class of embedding is called a place. If K is Galois, then σ ∈ Gal(K/Q) left-acts on the places via σ ν = σ • ν. In practice, we shall use the word place to mean a representative of an embedding equivalence class, and we will write q ν for ν(q), q ∈ K.
When K ν is isomorphic to R or C, ν is said to be a real or complex infinite place. If K has a complex place, then there is an element σ conj ∈ Gal(K/Q), called C-conjugation, such that σ conj ν = ν: so the complex places come in conjugate pairs (µ,μ). We have d = r + 2s where r = the number of real places, 2s = the number of complex places. Let P ∞ = {ν 1 , . . . ν r , µ 1 , . . . , µ s }, where ν j , j = 1, . . . , r are the real places and µ k is a choice from each conjugate pair (µ k ,μ k ) of complex places, k = 1, . . . , s.
If ν is not infinite, it is said to be finite. The set of finite places will be denoted P fin . If ν ∈ P fin , then K ν has a maximal open subring O ν : its ring of integers. We note that K ν is locally Cantor (totally-disconnected, perfect and locally compact) and O ν is Cantor.
Denote
Note that K ∞ has a canonical inner-product arising from the euclidean inner-product on R r and the real part of the hermitian inner-product on C s . K embeds diagonally into K ∞ via q → (q ν ) and the image of O K is a lattice in K ∞ . The quotient
The ring of finite adeles is the restricted product
with respect to the O ν , ν ∈ P fin . By definition, this is the set of all tuples (q ν ) in which q ν ∈ O ν for almost every ν ∈ P fin . A fin K is a locally Cantor topological ring. The adele ring is defined
A K is a locally compact ring, and a solenoid as well since it is locally homeomorphic to (euclidean) × (Cantor). K embeds diagonally in A K as a discrete co-compact subgroup with respect to addition. The quotient 
Proof. For item (1), see [6] , pg. 67. For item (2), we proceed as follows. Given (x,n) ∈ K ∞ × O K , note that x defines an elementx = (x a ) of lim ← T a by projection on to each of the factors. Moreover,n is by definition a coherent sequence {σ a } of deck transformations of the coverings T a → T K . Then the association (x,n) →n ·x = σ a (x a ) defines a homomorphism K ∞ × O K → S K which identifies precisely the O K -related points, and descends to an isomorphism of
By Proposition 1, it follows that the path-component of 0 is a leaf canonically isometric to K ∞ ; the restriction of the projection S K → T K to K ∞ is the quotient by O K . We will endow S K with the riemannian metric ρ along the leaves induced from the inner-product on K ∞ .
For example, if K = Q, then T Q ∼ = S 1 and S Q is the classical 1-dimensional solenoid obtained as the inverse limit of circles R/mZ under the natural covering homomorphisms. If K is totally complex, then d = 2s is even, T K is a complex s-torus and S K is a complex s-solenoid.
We now describe the actions of the Galois groups. For K/Q finite, we can write
, where x ∈ R or A Q as the case may be. Alternatively, if x = (x ν ) ∈ K ∞ then σ (x) = (y ν ) where
The latter shows that Gal(K/Q) acts orthogonally. If (x ν ) ∈ A fin K , there is no need to take care with conjugation and we write σ (x ν ) = x σ ν . The action of σ on A K may be understood as the product of the actions on K ∞ and A fin K .
Note that the image of O K resp. K is preserved by σ and we obtain (leafwise) isometric isomorphisms σ :
which intertwine the projection p :
where Isom(·) means the group of isometric isomorphisms. Let L/K be a finite Galois extension of number fields. Any place of L, finite or not, defines one on K by restriction. If we choose the complex places of L (amongst the conjugate pairs) compatibly with the choices of complex places of K, we obtain injective inclusions of vector spaces resp. rings
which scale inner-products/metrics by a factor of deg(L/K). These maps in turn induce injective homomorphisms
metrics by deg(L/K) and whose images are fixed by the action of Gal(L/K).
We may also define maps in the other direction through the trace map Tr : L → K,
which has the property that
where ν ′ is any place of L that restricts to ν. Note that if ν is a real and ν ′ is complex, then complex conjugation enters into the above sum, so that the contribution from x ν ′ is 2Re(x ν ′ ). We thus induce epimorphisms
ADELE CLASS GROUPS II: INFINITE FIELD EXTENSIONS
Let K be a field occurring as a direct limit lim → K α of fields K α /Q that are Galois and of finite degree e.g. Q = the algebraic closure of Q or Q ab = the maximal abelian extension of Q. We may associate to K (non locally-compact) abelian groups by taking the induced direct limits of inclusions (2):
The inverse system of Galois groups Gal(K α /Q) acts compatibly on the direct systems of torii and solenoids, inducing an action of the profinite Galois group Gal(K /Q) = lim ← Gal(K α /Q) on each of the spaces appearing in (3). Consider also
the first a (non locally-compact) topological vector space, the last two (non locally-compact) topological rings. Note that we may identify
since the direct limit maps preserve the product structure of the adele spaces. There are
It follows that lim → S K α is a lamination, each leaf of which may be identified with lim
is totally disconnected and perfect, it is not locally compact since the direct limit maps are not open. Thus lim → S K α is not strictly speaking a solenoid.
An inner-product on the topological vector space lim → (K α ) ∞ is defined by scaling the canonical inner-product on (K α ) ∞ by (deg(K α /Q)) −1 and taking the direct limit. The action of O K on lim → (K α ) ∞ preserves this inner-product and we induce a riemannian metric on lim → T K α . Similarly, the action of K on lim → A K α is isometric along the factor lim → (K α ) ∞ , and we induce a leaf-wise riemannian metric on lim → S K α .
The completion of lim
We define the hilbertian torus respectively the hilbertian adele class group of K by
Thus S K is a Hilbert space lamination whose leaves are isometric to K ∞ . The Galois actions on the summands of the direct limits preserve the scaled inner-products, and we obtain representations
Any ideal a ⊂ O K can be realized as the direct limit of ideals a α = a ∩ O K α . The quotient T a = K ∞ /a will be referred to as the hilbertian torus of a. Consider the inverse limit
as a ranges over ideals in O K . Since ideals in O K need not have finite index, O K is not compact, or even locally compact. Nevertheless,
This allows us to interchange direct and inverse limits and write:
and the result follows.
Proposition 3. S K is isomorphic to
(1) The inverse limit of hilbertian torii
Proof. The spaces appearing in items (1) and (2) are isomorphic by an argument identical to that appearing in Proposition 1. That S K is isomorphic to the inverse limit appearing in (1) follows from the same limit interchange argument used in the proof of Proposition 2.
Unfortunately, neither T K nor S K are locally compact. This creates complications, especially since the techniques of harmonic analysis will play an essential role in elucidating the connection between the arithmetic of K and the algebra of the Hilbert space of L 2 functions on S K . For this reason, we will consider in the next section compactifications coming from inverse limits of torii and solenoids.
PROTO ADELE CLASS GROUPS
Let K = lim → K α be a direct limit of finite Galois extensions over Q. The trace maps induce an inverse limit
an abelian group with respect to addition, but not a field since the trace maps do not respect multiplication. This system restricts to one of rings of integers, however:
Proof. Let ω be a primitive mth root of unity and consider the cyclotomic extension K = Q(ω). Since K is abelian, by assumption it occurs in the direct system defining K . The ring of integers O K is generated by 1 and ω j , where
Since d can be taken arbitrarily large, this means that the only coherent sequence that we may form in the inverse limit of rings of integers is (0, 0, . . . ).
Note 1. It is worth pointing out that normalizing the trace map by dividing by the degree would not produce a non-trival limit. Indeed, if we let ω be a primitive pth root of unity, p a prime > 2, then Tr(O K ) = Z. Normalizing would take us out of the integers. Thus, all that survives in the trace inverse limit is a kind of "scaled" additive number theory.
The trace inverse limits
are called, respectively, the proto-torus and the proto-adele class group of K . Each is a compact abelian group, being inverse limits of the same. The trace maps are natural with respect to the epimorphisms S K α → T K α and induce in turn an epimorphism S K → T K . Consider as well the inverse limits
Observe that K ∞ is a locally convex, (non locally compact) topological vector space whose topology is induced from an embedding in R ω . Moreover, A fin K and A K are abelian topological groups only. Note that
The space A fin K is totally-disconected, perfect but not locally compact. There is a natural inclusion K ֒→ A K and
Since the action of K locally preserves the product structure, S K is an R ω -lamination. The trace system maps are compatible with the Galois actions and we obtain representations of Gal(K /Q) on T K and on S K , acting by (leaf-preserving) topological isomorphisms.
Theorem 2. Let
Proof. The inverse limits giving rise to each of K ∞ and T K also give rise to a continuous homomorphism K ∞ → T K . An element in the kernel must be a coherent sequence of algebraic integers i.e. an element of lim ← O K α . By Theorem 1, the latter is trivial and the map is an injective.
Even more surprising is the following Theorem 3. Let K = lim → K α be an infinite field extension containing Q ab . Then the trace map inverse systems induce a continuous isomorphism We remark that when Q ab ⊂ K , there are no exact analogues of Propositions 1 and 3, due to the lack of a notion of integers in K . On the other hand, given any subfield K ⊂ K of finite degree over Q, one can find "level-K" suspension structures on T K and S K . Specifically, it is not difficult to see that the kernel of the projection
where T K /K is the inverse limit of torii occurring as the connected components of 0 of the kernels of the projections T L → T K . Then
These representations are related by homeomorphisms induced by Tr : L → K, but they do not survive the trace inverse limit. Similar "level K" suspension representations are available for S K as well.
The relationship between the proto constructions of this chapter with the hilbertian constructions of the previous chapter is described by the following Theorem 4. There are canonical Gal(K /Q)-equivariant inclusions
Proof. We begin by defining the inclusion lim 
But this means precisely that the image of
The other inclusions are induced by this one. That the images are dense follows from the definition of the above map: given any element of K ∞ and any level α, there is an element of K ∞ agreeing up to level α.
HYPERBOLIZATIONS
For K/Q finite, let
which we regard as a product of d two-dimensional half-planes. Thus H K has the structure of a d-dimensional complex polydisk equipped with the riemannian metric 4 dzdz/ t 2 (where z = (z 1 , . . . , z d ) and t = (t 1 , . . . ,t d )). If K/Q is Galois, as the action of Gal(K/Q) permutes isometrically the factors of K ∞ ∼ = R d , there is an extension to an isometric action on
The subgroups O K and K of K ∞ , viewed as groups of translations, extend to translations of H K that are isometries. The quotients In the case of an infinite field extension K , one mimicks the above using the hilbertian torus and solenoid T K and S K . Thus H K is defined as an infinite product of hyperbolic planes. We obtain an infinite-dimensional hyperbolized torus T K and hyperbolized solenoid S K upon quotient by O K and K .
By moving into the realm of foliated torii and laminations, one may find surface hyperbolic geometries reflecting the Galois theory of number fields. This is done as follows. For K/Q finite, the image of the canonical inclusion Q ∞ ֒→ K ∞ is a subgroup (a line through the origin), and the set of cosets is a foliation of K ∞ by lines, which we denote K fol ∞ . The action by O K and K by translations permute isometrically the leaves of K fol ∞ , and the quotients Unfortunately, the algebra of the space of holomorphic functions on S fol K is awkward and not well suited to serve as an "holomorphic extension" of K. We shall thus, for the duration of this paper, abandon our ideal of associating to a number field K a companion surface, and content ourselves instead with the higher-dimensional hyperbolized solenoid S K .
THE CHARACTER GROUP
For G a locally compact abelian group, by a character we mean a continuous homomorphism χ : G → U(1), where U(1) ⊂ C is the unit circle. An operation ⊕ on characters is defined by multiplying their values, and the set of characters
is itself a locally compact abelian group.
Theorem 5. Suppose that
(1) K is a finite field extension over Q. Then Char(T K ) and Char( S K ) possess a second operation ⊗ making them a ring and a field respectively, such that
(2) K = lim → K α is an infinite extension over Q. Then Char( T K ) and Char( S K ) possess a second operation ⊗ making them a ring and a field respectively, such that
Proof. (1): Consider first Char(T K ). Let n ∈ O K be identified with its image in K ∞ via the diagonal embedding. The multiplication map x → n ·x of K ∞ descends to an endomorphism φ n : T K → T K . The formula φ n = Tr •φ n defines a character of T K , where Tr :
is the trace map associated to K/Q. That the association n → φ n defines an isomorphism between the abelian groups (Char(T K ), ⊕) and (O K , +) is classical [9] . On the other hand, it is clear that if we define φ m ⊗ φ n := φ mn , then Char(T K ) becomes a ring and the association n → φ n an isomorphism of rings. The case of S K is treated similarly by replacing K ∞ by A K . Here we note that to obtain a character from the endomorphism φ q : S K → S K induced by multiplication by q in A K , one considers the composition φ q := π • Tr •φ q , where π :
is the canonical projection.
(2): Consider first Char(T K ); the argument used in part (1) will work here as well, once we have demonstrated the "classical isomorphism" (Char(
is a finite field extension contained in K , then any element φ ∈ Char(T K ) induces a character of T K by composition with the projection
Since the latter is discrete, we are done. The case of S K is left to the reader.
Of course, Theorem 5 is not available for S K since it is not locally compact.
(1) The operation ⊗ is just the projection of endomorphism composition e.g. in the torus case φ m ⊗ φ n = Tr(φ m •φ n ).
(2) If K/Q is a finite extension and ·, · is the inner-product on K ∞ then for q ∈ K, the restriction of φ q :
The same is true for an infinite extension K /Q upon restriction to the riemannian K ∞ (and not to the nonriemannian K ∞ ).
NONLINEAR FIELDS OF GRADED HOLOMORPHIC FUNCTIONS
Let K/Q be a number field finite over Q. Let C[K] denote the vector space of formal, finite C-linear combinations of elements in K e.g. elements of C[K] are of the form ∑ awhere q ∈ K and a q ∈ C, zero for all but finitely many q. The operations + K and × K extend linearly to C[K] yielding two operations, written ⊕ and ⊗, which define on C[K] two group-algebra structures. To avoid confusion, we use the notation id ⊕ = 0 K and id ⊗ = 1 K ; 0 will denote as usual the vector space identity, the element of C[K] for which a q = 0 for all q. The subspace C[O K ] of C-linear combinations of integers is closed with respect to both group-algebra structures. These group-algebra structures are not compatible in any familiar sense as the operations ⊕ and ⊗ do not obey the distributive law.
We define a linear map T :
with respect to the operations of ⊕ and ⊗. The vector space quotient
is a complex vector space on which ⊕ and ⊗ descend. Denote a typical element of
. By virtue of (5), the operations ⊕ and ⊗ descend to CP[K], making it a double semigroup: a set with two semigroup structures having no a priori compatibility. We denote its elements
Note that the element [id ⊕ ] behaves very much like the zero in a field in that it is a universal annihilator with respect to ⊗:
Furthermore, the natural inclusions
. These echos with field theory make the double semigroup CP[K] a natural paradigm for the ensuing development of nonlinear fields. We remark that the preceding comments hold without change for an infinite field extension K /Q.
Let µ be the unit mass Haar measure on S K and let L 2 ( S K , C) be the associated space of square integrable complex valued functions on S K . The characters {φ q } form a complete orthonormal system in L 2 ( S K , C) and so every element f ∈ L 2 ( S K , C) has the development f = ∑ a q φ q , where {a q } ∈ l 2 (C), φ q ∈ Char( S K ) and equality is taken w.r.t. the L 2 norm. We note that since we are in a Hilbert space, the sum f 2 = ∑ |a q | 2 converges with respect to any wellordering of the indexing set K. The space L 2 (T K , C) may be identified with the subspace of L 2 ( S K , C) whose Fourier series satisfy a q = 0 for q / ∈ O K . If we restrict f to the dense leaf K ∞ , then we may identify φ q (x) = exp(2πi q, x ) ≡ η η η q and write f in the form of an L 2 Puiseux series
The Cauchy product f ⊕ g is defined as the L 2 extension of the point-wise product of continuous functions, that is,
The Dirichlet product f ⊗ g is defined by the development
We note that both the Cauchy and Dirichlet products define elements of
where the last inequality follows from the fact that the product of any two absolutely summable series is also absolutely summable.
In terms of the η η η parameter:
showing that Dirichlet multiplication is commutative and distributive over ordinary addition + of functions. It follows that L 2 ( S K , C) is a group algebra with respect to each of the operations ⊕ and ⊗ separately. There exists a canonical double group algebra monomorphism generated by q → η η η q ,
having dense image. When K is of infinite degree over Q, the relevant discusion applies to the space of square integrable functions on the proto solenoid L 2 ( S K , C).
with a n = b n = 0 for n ≤ 0. Then f and g define via a Mellin-type transform convergent Dirichlet series
Thus all of the algebra of zeta functions, L-functions, Dirichlet series etc. is codified by the Dirichlet product.
Now let S K be the hyperbolized adele class group defined in §6. S K is a lamination whose leaves are d-dimensional polydisks, and so we say that a continuous function F : S K → C is holomorphic if its restriction F|L to each leaf L is holomorphic, or equivalently (since all leaves are dense), if its restriction to the canonical leaf H K is holomorphic.
For each t ∈ (0, ∞) d let S K (t) ⊂ S K be the subspace of points having imaginary coordinate t with respect to the decomposition (4). Since S K (t) ≈ S K we may put on S K (t) the unit mass Haar measure and define for F, G : S K → C the pairing
Definition 1.
The Hardy space associated to K/Q is the Hilbert space
Evidently any F ∈ H[K] has an a.e. defined L 2 limit for t → 0, and such a limit defines
Using the Fourier development available there, we may write the restriction F| H K :
where ξ ξ ξ ≡ exp(2πiTr(z)) and the power ξ ξ ξ q is understood in the multi-index sense. It is clear that for such a series to define an element of H[K], we must have that a q = 0 for q not contained in the positive cone in K ∞ (i.e. q for which q > 0). It follows from (7) that F 2 = ∑ |a q | 2 and hence the correspondence F → ∂ F yields an isometric inclusion of Hilbert spaces
In order to build up from H[K] a kind of holomorphic extension of K, it will be necessary for us to be able to interpret all elements of L 2 ( S K , C) as boundaries of holomorphic functions. We shall thus extend the Z/2Z-graded (super) philosophy, which has the feature of regarding holomorphic and anti-holomorphic functions on equal footing. To begin, consider the case K = Q. Let {−, +} ∼ = Z/2Z be the sign group and denote by H − = R × (−∞, 0) the hyperbolic lower half-plane, (·) : 
and a conjugation c θ :
and θ = (θ 1 , . . . , θ d ). Note that the conjugation maps satisfy c θ 1 • c θ 2 = c θ 1 θ 2 . Denote by K θ those elements q whose coordinates with respect to the embedding
, where for each θ ∈ Θ, F θ : S K → C is defined as the extension to S K of the following function on H K :
where as before we write c θ (ξ ξ ξ ) ≡ exp(2πiTr(c θ (z))) and the expression (c θ (ξ ξ ξ )) q is understood in the multi-index sense. The term F 0 is the constant function a 0 . The F θ are called θ -holomorphic and the Hardy space of θ -holomorphic functions is denoted H θ [K]. The space of (2 d + 1)-tuples is viewed as a graded Hilbert space:
whose inner-product is the direct sum of the inner-products on each of the summands. We will often write H[K] for the summand of H • [K] corresponding to θ = (+, . . . , +) i.e. the Hardy space of functions holomorphic on S K in the ordinary sense.
The Cauchy and Dirichlet products are defined on H • [K] via boundary extensions e.g. F ⊗ G is defined to be the unique element of H • [K] whose boundary is ∂ F ⊗ ∂ G. The Cauchy product does not generally respect the grading, but the Dirichlet product has the following decomposition law when K is totally real:
The above discussion can also be carried out for T K in place of S K , and the graded Hardy space so obtained is denoted
To extend this construction to infinite field extensions K /Q, we use the hyperbolized adele class group S K (associated to S K ) in conjunction with the proto adele class group S K . A continuous function F : S K → C is holomorphic if its restriction to any of the dense leaves is holomorphic. In particular, we note that the restriction F| H K is holomorphic if F is holomorphic separately in each factor of the polydisk decomposition H K ≈ ∏ H e j . As in the case of a finite field extension, we define S K (t) as the subset of S K having imaginary coordinate t ∈ (0, ∞) ∞ . The proto compactification of S K (t) is a lamination S K (t) homeomorphic to S K . If we let
the Hardy space H[K ] is defined as the space of holomorphic functions F : S K → C having a continuous extension F : S K → C and for which the norm
is uniformly bounded in t (where dµ is induced from the Haar measure µ on S K ≈ S K (t)).
As in the finite-dimensional case, H[K ] is a Hilbert space with respect to the supremum of the integration pairings on each S K (t). The rest of the discussion follows the finite extension case, where the data (F θ ; F 0 ) is here indexed by a countable dense subset of the Cantor set {−, +} ∞ . We summarize the above remarks in the following 
Motivated by the monomorphism
we set out to create from H • [K] something akin to a field extension of K. In this connection, we note that the operations ⊕ and ⊗ restrict to + K and × K on K, and on the other hand, the vector space operations of point-wise addition and scalar multiplication do not preserve K. Accordingly, we discard the vector space structure by projectivizing, retracing the steps in the construction of CP [K] . Define T(F) = F(1) and I K = Ker(T), a closed ideal with respect to ⊕ and ⊗. The vector space quotient H *
Hilbert space on which ⊕, ⊗ and the Θ-grading descend. The associated complex projective space, denoted
also inherits ⊕, ⊗ and the Θ-grading. The canonical monomorphism
defined by q → ξ ξ ξ q , has dense image, and we have a monomorphism
similarly. These remarks are valid without change for an infinite field extension K /Q.
Definition 2.
A nonlinear number field is a topological abelian double semigroup S with respect to two operations ⊕ and ⊗ such that (1) There exists a (possibly infinite degree) number field K and a double semigroup inclusion ı : We have chosen the qualificative "nonlinear", as distributivity in an ordinary field is equivalent to the fact that the multiplication map is a bilinear operation. The following is evident: 
Proof. Let PH • [K ] fin be the subspace associated to functions whose nonzero Fourier coefficients are indexed by q in some fractional ideal O K a −1 ⊂ K . Let T a be the corresponding Minkowski torus (see §3), from which we associate a hyperbolization T a and a sub double semigroup
GALOIS GROUPS AND THE ACTION OF THE IDELE CLASS GROUP
Let K /Q be a (possibly infinite degree) number field. In what follows, we will not distinguish K from its images in
. We will prefer here to represent elements of K using the coordinate notation ξ ξ ξ q ≡ exp(2πi z, q ) (as opposed to the character notation φ q ), which has the advantage of allowing us to interpret Dirichlet multiplication in terms of composition:
with the Fubini-Study metric associated to the inner-product on
is a graded Fubini-Study isometry respecting the operations ⊕, ⊗: that is,
and for some permutation ι of Θ, ϒ( 
But σ respects the Cauchy and Dirichlet products, wherein we must have that λ is simultaneously an additive and multiplicative character:
clearly possible only for λ trivial.
The proof of the following lemma was suggested to us by S. Pérez Esteva.
Proof. Without loss of generality, we may assume F ∈ H[K] i.e. θ = (+, . . . , +). We begin with the case K = Q. Since F ∈ H[Q], it follows that the restriction of F to H Q has the development
with L 2 norm F = ∑ |a q | 2 < ∞. Note that the functional equation (9) implies that
If |F(z)| > 1 for some z, then the left hand side of (10) is unbounded in z whereas the norm of the right hand side is uniformly bounded by F < ∞. Thus F(z) takes values in the unit disk in C. Let q 0 = inf a q =0 q; we claim that q 0 ∈ Q and a q 0 = 0. Suppose not, and consider the approximations defined
which converge uniformly on compacta to F. In particular, F r is uniformly close to F r ε on compacta for r ∈ [0, r 0 ]. On the other hand,
as r → 0. But this is impossible since the left hand side, |F r (z)|, has limit 1.
We have thus reduced the problem to the case where the set of q for which a q = 0 is well-ordered. The expression F(z) exp(−2πiq 0 z) defines an element of H[Q] which also satisfies the functional equation (9), having development
and the functional equation implies that the sum of nonconstant terms on the right hand side must be zero, so that F(z) = a q 0 exp(−2πiq 0 z). Since F(0) = lim r→0 F(rz) = (F(z)) r = 1, it follows that a q 0 = 1 i.e. F is the character ξ ξ ξ q 0 .
In the case of a finite field extension K/Q, the argument is essentially the same. One shows that there exists q 0 ∈ K realizing the infimum inf a q =0 q (which is taken in K ∞ ) for which a q 0 = 0, wherein it follows that F is the character ξ ξ ξ q 0 . For an infinite field extension K /Q, we may use the same argument, where we consider the restriction of F to the dense leaf H K of the hyperbolized solenoid S K and use the Fourier expansion that is available due to the fact that the boundary values of F extend to S K .
Theorem 10. Let L /K be a Galois extension of (possibly infinite degree) number fields. Then
Gal
where L is identified with the field of monomials [ξ ξ ξ q ], q ∈ L . Note first that we have already
is a field, all of its elements obey the distributive law. Thus,
In fact, the same argument shows that for any m/n ∈ Q + , if (·) n denotes the Cauchy nth power, then
Note that since σ respects the Θ-grading and each element of L is homogeneous (is contained in a fixed summand
for some θ ′ ∈ Θ. We may thus find
satisfying the functional equation F(qz) = (F(z)) q for all z ∈ H L and q ∈ Q + . By continuity, this extends to R + . Thus, by Lemma 1, it follows that F ∈ L and σ (L ) = L . We induce in this way a homomorphism
Ω is clearly onto, as any τ ∈ Gal(L /K ) generates an automorphism of PH In like fashion, we may define a flow on PH • [K] respecting ⊗ as follows. For a vector x ∈ K ∞ we denote by log |x| the vector log |x ν 1 |, . . . , log |x ν r |, log |x µ 1 |, log |x µ 1 |, . . . , log |x µ s |, log |x µ s | .
Then for F = ∑ q a q ξ ξ ξ q we define Ψ r (F) = ∑ q∈K a q exp 2πi log |q|, r ξ ξ ξ q .
This defines a faithful representation
We leave the proof of the following to the reader
Proposition 5. The projectivization [Ψ] of Ψ defines a monomorphism
Now let C K be the idele class group associated to a finite field extension of K/Q:
where A * K and K * are the groups of units in A K resp. K. By class field theory, C K is isomorphic to the product R * + × Gal(K ab /K).
Theorem 11.
There are monomorphisms Observe that the action of the profinite factor of C K respects both operations ⊕ and ⊗. Thus, it is only because of the continuous factor R * + that we are forced to de-couple the operations ⊕ and ⊗ in order to define full actions of C K .
We end by noting that the above structures have an interpretation within the von Neumann depiction of quantum mechanics. . This is not true of M ⊗ ([F]) due to the fact that the Haar measure on S K -which we use to define the Hardy inner-product -is invariant with respect to addition but not multiplication. This suggests that regarding the system defined by H ⊗ , it may be more natural to use the Hardy space of functions holomorphic on a hyperbolized idele class group C K (with its multiplicatively invariant Haar measure). A formal computation shows that the operators M ⊗ ([F]) are self-adjoint for the "idelic" Hardy inner-product when the Fourier coeficients of some representative F are real. We suspect that the eigenvalues of M ⊗ ([F]) are equal or related in a straightforward manner to the imaginary parts of the zeros of a meromorphic extension of a Dirichlet type series corresponding to [F] .
